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Abstract
We calculate a general effective stress-energy tensor induced by cosmological inhomogeneity
in effective theories of gravity where the action is Taylor-expandable in the Riemann tensor
and covariant derivatives of the Riemann tensor. This is of interest as an effective fluid that
might provide an alternative to the cosmological constant, but it also applies to gravitational
waves. We use an adaptation of Green and Wald’s weak-averaging framework, which averages
over perturbations in the field equation where the perturbation length scales are small compared
to the averaging scale. In this adaptation, the length scale of the effective theory, 1/M , is also
taken to be small compared with the averaging scale. This ensures that the perturbation length
scales remain in fixed proportion to the length scale of the effective theory as the cosmological
averaging scale is taken to be large. We find that backreaction from higher-derivative terms in
the effective action can continue to be important in the late universe, given a source of sufficiently
high-frequency metric perturbations. This backreaction might also provide a window on exotic
particle physics in the far ultraviolet.
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1 Introduction
The standard cosmological concordance model is the ΛCDM model. Assumed by this is the Cos-
mological Principle, that the universe is homogeneous and isotropic at sufficiently large distance
scales and can thus the metric at large scales is accurately approximated by a Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) metric. This is supported by astronomical observations, which indicate
that the universe transitions to homogeneity at length scales of order 100 h−1Mpc, see for example
the analyses in [1–6]. Homogeneity has also been verified at a much larger volume scale of 14
h−3Gpc in [7].
The ΛCDM model considers a universe that consists of homogeneous fluids, which are the
cosmological constant, cold dark matter, a small amount of baryonic matter and radiation, the
latter being unimportant at late times. At small distance scales, the universe is obviously not
homogeneous. The density of the Earth is a factor of 1031 greater than the cosmological average and
nucleons are a factor of 1046 more dense than the cosmological average. The standard cosmological
model is a simplified picture in which it is assumed that these variations can be averaged out
at large scales without introducing significant changes to the dynamics or expansion rate of the
universe.
A problem with this view is that Einstein’s field equations for General Relativity (GR) are
non-linear, with the result that performing an averaging procedure on the equations does not
merely return the same equations with an averaged metric, but rather includes extra terms that
could be interpreted as additional effective fluids. This effect is called cosmological backreaction.
The backreaction effects in Einstein’s GR are typically considered to be small, radiation-like and
unimportant in late-universe cosmology, as argued in [8] and [9]. Much of the modern interest in
backreaction comes from applying Buchert’s averaging scheme, see for example [10–13]. Buchert’s
approach has also been applied to modified theories of gravity in [14] and [15]. An extensive
literature as accumulated on the roˆle of inhomogeneity in cosmology, see for example [16–29].
An elegant and rigorous framework for studying cosmological inhomogeneity has been proposed
by Green and Wald in [30]. They demonstrated their framework against specific examples in [31].
In this framework, an effective stress-energy tensor is calculated for the backreaction. The method
uses a generalization of Burnett’s work on gravitational waves [32] to the non-vacuum case where
there exists a stress-energy tensor that satisfies the weak energy condition. That in turn is a
mathematically rigorous formulation of Isaacson’s high-frequency approximation for the stress-
energy tensor of gravitational waves from a distant source [33,34]. The effective stress-energy tensor
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obtained, given Einstein’s theory of gravity, has a vanishing trace, indicating that it is radiation-like.
Such a form for the backreaction cannot be important in late-universe cosmology. This conclusion
was contested in [35], the criticisms were responded to in [36] and a simpler argument was provided
in [37]. If one accepts that the metric does converge under a suitable averaging procedure to a
FLRW background at large distance scales, as argued in [38], this conclusion is rigorous, given
Einstein’s gravity theory.
Extending Einstein’s GR to include higher-derivative terms can be motivated theoretically via
constructing low-energy effective thoeries. Effective theories can be constructed via Renormaliza-
tion Group (RG) flows by integrating out high-energy modes down to some cutoff scale [39]. The
effective action will then appear as a series expansion in local operators with coefficients carrying
mass dimensions as powers of the cutoff. Locality is an essential feature, since RG is funda-
mentally underpinned by Kadanoff blocking [40, 41]. A useful introduction can be found in [42].
When constructing an effective theory of gravity, it is usually required that the effective action is
diffeomorphism-invariant, ensuring that its description is independent of our choice of spacetime
coordinates. In practice, this means that the effective action expansion is in the Riemann ten-
sor and covariant derivative operators, with higher mass dimension operators being suppressed by
higher powers of the cutoff. A manifestly diffeomorphism-invariant Exact RG has recently been
constructed for gravity at the classical level [43]. In addition to the advantage of manifest diffeo-
morphism invariance, its background-independent construction allows for very easy implementation
in this study of backreaction. For an alternative exploration of background independence in the
Exact RG for gravity, see [44].
Higher-derivative terms are also motivated phenomenologically for constructing cosmological
models. The Starobinsky R2 term [45,46], provides a mechanism for early-universe inflation that is
currently favoured by observations of the Cosmic Microwave Background, given a scale for M ∼ 1013
GeV: see the results from WMAP [47] and Planck [48,49]. The action for this can be written as
S =
∫
d4x
√−g
[
1
16piG
(
R+
R2
6M2
− 2Λ
)
+ LMatter
]
. (1.1)
The “natural” scale for quantum gravity is usually taken from Newton’s gravitational constant in
the natural units commonly used in particle physics to be of order M ∼ 1019 GeV, but a closer
scale where interesting physics is anticipated is the Grand Unified Theory (GUT) scale of 1016 GeV,
where a unification of the Standard Model gauge interactions is commonly expected.
This paper further generalizes work on backreaction in R+R2/6M2 gravity developed in [50],
using an adaptation of the Green and Wald framework. An alternative approach that uses the
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Green and Wald framework under the approximation that the stress-energy tensor is set to its
background form can be found in [51]. Another study based on Green and Wald’s formalism has
considered the case where gravity is coupled to a massless scalar field [52]. The stress-energy
tensor for gravitational waves in higher-derivative gravity has also been studied using Isaacson’s
formulation in [53] and [54]. Both of these studies agree with this work that those Lagrangian terms
that are of cubic order or higher in the Riemann tensor do not contribute to the effective stress-
energy tensor, as will be discussed in Section 3.3. Both studies differ from this work in that they
both fix a gauge rather than maintaining diffeomorphism invariance, which will be demonstrated
for this work in Section 4.5. Another difference is that [53] evaluates the stress-energy tensor at
asymptotically-flat future null infinity, and [54] sets the background to Minkowski, whereas in this
work we consider a general cosmological spacetime background. The extension to higher-derivative
gravity presents the challenge of incorporating the additional “scalaron” mass scale, M , into Green
and Wald’s existing framework. As will be discussed also in this paper, the result found in [50] for
the simple R+R2/6M2 theory was that the effective stress-energy tensor due to backreaction was
no longer traceless, but rather possessed a negative-definite pure trace component. This exciting
result opened the possibility that cosmological backreaction in a theory of gravity with higher-
derivative terms could effectively mimic a positive cosmological constant, offering an alternative to
the standard ΛCDM model.
Since the scalaron mass would be expected to be large, corresponding to high-energy modes
integrated out of a more fundamental theory of gravity, the effect of this term would be strongly
suppressed unless the length scale of the perturbations were also of some very short distance scale.
To emphasise this point, let us fix a generous value for M at 3 × 1013 GeV, as motivated by
Starobinsky inflation, and let us consider the inhomogeneity as a single Fourier mode in the metric
with wavelength similar to the radius of the Earth, i.e. L where 1/L ∼ 3 × 10−23 GeV in natural
units. An operator of the form ∇2/M2 would then introduce a suppression by a factor of ∼
1/(ML)2, i.e. 72 orders of magnitude. Larger length scales for the inhomogeneity, e.g. galaxy
clusters, result in even larger suppression of higher derivatives. To obtain a significant effect from
the higher derivatives, we need to consider more high-frequency sources of inhomogeneity that would
be related to high-energy particle physics, rather than the large structures ordinarily considered in
astrophysics.
Suggested in the conclusions of [50] were two examples of exotic sources for such inhomogene-
ity. The first suggestion was WIMPzillas [55, 56], however the dilution of the WIMPzilla density
as the universe expands makes this suggestion phenomenologically unattractive. The second, even
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more speculative, suggestion was that fluctuations in quantum spacetime might average to smooth
classical perturbations at a length scale to which the effective gravity theory is sensitive. Such
an idea would risk problems with naturalness; it would, however, scale appropriately as the uni-
verse expands. For an example of spontaneous breaking of translational symmetry in Planck-scale
quantum gravity, see [57].
A recent study proposed that the required inhomogeneity could be sourced from a vacuum that
breaks translational symmetry in a non-Abelian gauge theory that is in a sector of particle physics
disconnected from the Standard Model [58]. For a choice of M ∼ 1013 GeV, they concluded that
an inhomogeneity wavelength at the electroweak scale would mimic a cosmological constant of the
correct energy scale, which is ∼ 10−12 GeV. More specifically, the scaling of the effective vacuum
energy in R+R2/6M2 gravity was estimated to be
Evac ∼
Λ2stripe√
MMPlanck
, (1.2)
where Evac is the energy scale for the effective vacuum energy from backreaction, Λstripe ∼ 100 GeV
is the energy scale that sets the amplitude and wavenumber of the translational symmetry violation
and MPlanck ∼ 1018 GeV is the reduced Planck mass. The reason for disconnecting this sector from
the Standard Model is to avoid introducing violations of Lorentz symmetry that would have already
been observed, see for example [59, 60]. Ordinarily, new physics of this kind would be inaccesible
to experiment, however its effect on backreaction would be cosmologically observable. Put another
way, one can constrain extensions of this kind to high-energy physics via the observable backreaction
effect they would have if physically realized. An attraction of linking the inhomogeneity with the
vacuum is that it would have the correct scaling as the universe expands.
In this paper, we will further generalize the Green and Wald framework to calculate the general
form for the stress-energy tensor for a diffeomorphism-invariant higher-derivative gravity expan-
sion. To ensure that the averaging procedure converges in the weak limit, we will require that
the field equations are Taylor-expandable in metric perturbations. Together with diffeomorphism
invariance, this translates into requiring that the action is Taylor-expandable in the Riemann ten-
sor and covariant derivatives of the Riemann tensor. This can be intuitively viewed as a locality
requirement, as is reasonable for an averaging scheme.
This paper is structured as follows. Section 2 outlines the notation conventions used in this
paper. Section 3 summarizes the features of the Green and Wald formalism and the extension to
f(R) models that are important for this paper. In Section 4, we calculate the generalization of
the effective stress-energy tensor for local, manifestly diffeomorphism-invariant effective theories of
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gravity parametrized by a large mass scale. The discussion and conclusions are given in Section 5.
Appendix A contains the results of applying the averaging procedure to individual field equation
terms. Appendix B gives a consistency demonstration for the trace of the effective stress-energy
tensor.
2 Notation
We adopt Landau-Lifshitz spacelike sign conventions, (+,+,+), where the metric signature is mostly
positive, a Ricci tensor defined as Rµν := R
α
µαν , and
Rαβγδ = 2∂[γΓ
α
δ]β + 2Γ
α
λ[γΓ
λ
δ]β. (2.1)
We use the torsionless metric connection:
Γαβγ =
1
2
gαλ (∂βgγλ + ∂γgβλ − ∂λgβγ) . (2.2)
We will use a covariant derivative Dµ associated with the full metric gρσ such that when it acts on
some tensor T β1···βnα1···αm , we have
DµT
β1···βn
α1···αm = ∂µT
β1···βn
α1···αm −
m∑
i=1
Γλ µαiT
β1···βn
α1···λ···αm +
n∑
i=1
ΓβiµλT
β1···λ···βn
α1···αm . (2.3)
A shorthand notation is used such that D2 = gαβDαDβ. We will also use a covariant derivative
∇µ that is associated with a background metric g(0)µν such that
DµT
β1···βn
α1···αm = ∇µT β1···βnα1···αm −
m∑
i=1
Cλ µαiT
β1···βn
α1···λ···αm +
n∑
i=1
CβiµλT
β1···λ···βn
α1···αm , (2.4)
where Cαβγ is the difference between full and background connections:
Cαβγ =
1
2
gαλ (∇βhγλ +∇γhβλ −∇λhβγ) . (2.5)
The full Ricci tensor can be split into background and perturbation parts by
Rαβ = R
(0)
αβ − 2∇[αCγγ]β + 2Cγβ[αCδδ]γ . (2.6)
We will refer to the linear part of the perturbation to the Riemann tensor as
R
(1)
αβγδ := −2∇[α|∇[γhδ]|β]. (2.7)
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Using the notation that ∇2 = g(0)αβ∇α∇β and h = g(0)αβhαβ, the linearized Ricci tensor is
R
(1)
αβ :=
1
2
(
2∇λ∇(αh λβ) −∇2hαβ −∇α∇βh
)
. (2.8)
Finally, the linearized Ricci scalar is
R(1) := ∇α∇βhαβ −∇2h. (2.9)
The linearized Riemann tensor and its contractions are invariant under linearized diffeomorphisms,
given by
δhαβ = 2∇(αξβ). (2.10)
Throughout this paper, we will be working in “natural units”, as commonly used in high-energy
physics, i.e. c = ~ = 1.
3 Weak-limit averaging method
In this section, we will summarize how the weak-averaging procedure developed by Green and Wald
in [30] has been adapted to higher-derivative gravity in [50]. The weak-limit averaging procedure
considers a one-parameter family of metrics whose inhomogeneity parameter, λ, is related to the
wavelength of metric perturbations. A tensor Aα1···αn(λ) converges in the weak limit to its “average”
tensor, Bα1···αn , if
lim
λ→0
∫
d4x
√
−g(0)fα1···αnAα1···αn(λ) =
∫
d4x
√
−g(0)fα1···αnBα1···αn (3.1)
for any smooth test field fα1···αn of compact support. The physical interpretation of λ → 0 is
that the averaging scale is much larger than the length scale of fluctuations, i.e. the ratio of the
wavelength of any perturbation mode to the averaging scale tends to zero as the averaging scale is
taken to be large. It will be convenient to denote equality under weak limit averaging as =
weak
, such
that if both Aα1···αn(λ) and another tensor, Cα1···αn(λ), converge in weak limit to Bα1···αn , we can
write
Aα1···αn =
weak
Bα1···αn =
weak
Cα1···αn . (3.2)
The metric, gµν(x, λ), can be separated into a λ-independent background metric, g
(0)
µν (x), and a
perturbation defined by
hµν(x, λ) := gµν(x, λ)− g(0)µν (x). (3.3)
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Note that we do not need to specify a particular choice of background. The metric converges in
the weak limit to the background metric, i.e. the metric perturbation vanishes in weak limit. More
specifically, the metric perturbation is of O(λ), by which it is meant that hαβ(x, λ) is uniformly
bounded by a constant times λ, for sufficiently small λ. Similarly, an O(λn) term is uniformly
bounded by a constant times λn. The choice of background metric that is best motivated by
cosmology is the FLRW metric, but note that none of our calculations are specific to any particular
choice of background, which can be chosen freely. Applying a background covariant derivative to
the metric perturbation lowers the order in λ by one:
∇α1 · · · ∇αnhβγ ∼ λ1−n. (3.4)
In this respect, we see that λ is proportional to the length scales of perturbation modes. However,
this comes with a caveat. Total derivatives, i.e. derivatives that act on the entire tensor that we
perform the weak limit averaging on, do not change the order in λ. This can be seen by applying
(3.1) to a total derivative term and performing an integration by parts:∫
d4x
√
−g(0)fλα1···αn∇λAα1···αn(λ) = −
∫
d4x
√
−g(0)
(
∇λfλα1···αn
)
Aα1···αn(λ). (3.5)
Since fα1···αn is independent of λ, so are its derivatives, ∇β1 · · · ∇βnfα1···αn . Thus we can see that
the weak limit of a term consisting solely of total derivatives of Aα1···αn(λ) is of the same order in
λ as Aα1···αn(λ) itself.
This prescription will be applied to the field equations for a given gravity theory. The field
equation can be written as
Gµν := 2κ√−g
δSgrav
δgµν
= κTµν , (3.6)
where Sgrav is the gravitational part of the action, i.e. the part constructed from a series expansion
in the Riemann tensor and covariant derivatives of it, κ = 8piG, and Tµν is the stress-energy tensor.
We will wish to split Gµν into a background part, G(0)µν i.e. the value of Gµν for gµν = g(0)µν , and a
perturbation part, δ [Gµν ]. The field equation is then written as
G(0)µν + δ [Gµν ] = κTµν . (3.7)
Supposing that the perturbation term is non-vanishing in the weak limit, we see that, moving it to
the right hand side, we obtain an effective stress-energy tensor induced by inhomogeneity:
G(0)µν =
weak
κT (0)µν + κt
(0)
µν , (3.8)
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where
δ [Gµν ] =
weak
−κt(0)µν . (3.9)
As discussed, linear terms in h are of O(λ), because total derivatives do not change the order in λ.
Quadratic terms in h, on the other hand, can be of O(1), i.e. being of the zeroth order in λ, they
converge to finite values in the weak limit:
hρσ∇α∇βhµν =
weak
−∇αhρσ∇βhµν ∼ O(1). (3.10)
Terms of this form then provide non-vanishing contributions to the effective stress-energy tensor,
t
(0)
µν . This is not an assertion that such terms are necessarily of the same order of magnitude as the
background, rather that they are able to converge to give non-zero values in the limit where the
averaging scale becomes large. This is subject to a constraint explored in the next section that can
still result in some such terms vanishing, especially in Einstein gravity.
3.1 Zero tensors
There exists an additional constraint on t
(0)
µν that is used in the papers by Isaacson [33,34], Burnett
[32] and Green and Wald [30] for the Einstein gravity case. This was referred to in [50] as the “zero
tensor”. Since it will be used frequently here also, it is convenient to continue referring to it as the
zero tensor. In the Green and Wald paper, it is proven that
A(λ)B(λ) =
weak
A(0)B(0), (3.11)
provided that A(λ) is a smooth tensor field converging uniformly on compact sets to A(0) and
that B(λ) is a non-negative smooth function converging to B(0) in the weak limit. Thus, provided
that the stress-energy tensor Tµν satisfies the weak energy condition, i.e. given any timelike vector
tα(x, λ),
Tαβ(x, λ)t
α(x, λ)tβ(x, λ) ≥ 0, (3.12)
it is also proven that
hρσTµν =
weak
0. (3.13)
Let us consider taking the field equation, as written in (3.7), and multiplying by hρσ:
hρσG(0)µν︸ ︷︷ ︸
vanishes in weak limit
+hρσδ [Gµν ] = hρσκTµν︸ ︷︷ ︸
vanishes in weak limit
. (3.14)
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Thus the form of the zero tensor is given by
hρσδ [Gµν ] =
weak
0, (3.15)
where, this time, it is the part of δ [Gµν ] that is linear in h that gives us non-vanishing contributions.
This zero tensor constraint retains the information from the linear order in h, which the weak limit
would otherwise discard.
3.2 Application to Einstein gravity
The action for Einstein’s theory for gravity can be written as∫
d4x
√−g 1
2κ
(R− 2Λ) + Smatter. (3.16)
The field equation is
Rµν − 1
2
gµνR+ Λgµν = κTµν . (3.17)
The cosmological constant term converges in the weak limit to its background value:
Λgµν =
weak
Λg(0)µν . (3.18)
This is clear because the metric converges in the weak limit to its background, and one is at liberty
to multiply both sides by a constant. Weak limits of the other two terms are given in Appendix A,
along with the weak limits of more terms that appear in higher-derivative gravity. The form of the
effective stress-energy tensor, before applying the zero tensor constraint, is then
κtEµν =
weak
1
2
hαβR
(1)
µανβ +
3
4
hµνR
(1) −R(1)α(µh αν) −
1
8
g(0)µν
(
hR(1) + 2hαβR
(1)
αβ
)
. (3.19)
The zero tensor can be powerfully expressed for Einstein gravity as
R
(1)
αβhγδ =weak
0. (3.20)
This immediately simplifies (3.19) to
κtEµν =
weak
1
2
hαβR
(1)
µανβ , (3.21)
which is then traceless under the constraint from the zero tensor, implying that the backreaction
is radiation-like. The implication of this is that cosmological backreaction is unable to account
for accelerating expansion and is not important in late-time cosmology, which was the conclusion
in [30].
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3.3 Extension to higher derivatives
We will review the application of weak-limit averaging to a Taylor-expandable f(R) model whose
action has its own length scale, M . This procedure was peformed explicitly for the R + R2/6M2
case in [50]. As we will see, the results are already general for the complete local f(R) expansion.
Consider the following action:
S =
∫
d4x
√−g (f(R)− 2Λ) + Smatter, (3.22)
where
f(R) = R+
R2
6M2
+ const× R
3
M4
+ · · · . (3.23)
The inclusion of a new length scale, 1/M , presents us with the challenge of how to rigorously
incorporate it. Recall that the limit λ→ 0 corresponds to choosing a cosmological averaging length
scale that is much greater than the length scale of perturbations. The na¨ıve suggestion that M
should be independent of λ presents us with problems. Firstly, consider the ratio of the scale 1/M
and the perturbation scale, which goes like λ, see (3.4). The ratio between these two scales should
be fixed physically, since it is the cosmological averaging scale that we are tending to be large.
Leaving 1/M independent of λ would correspond to taking the perturbation length scale to be
much smaller than 1/M in the limit where we take the cosmological averaging scale to be large.
This would be outside the validity of the effective theory. The perturbations would have a length
scale that is much shorter than 1/M , which is the scale to which high-frequency modes in the
more fundamental theory have been integrated out. This would manifest as each higher-derivative
term in the action giving increasingly divergent field equation contributions in the weak limit. The
na¨ıve suggestion that the latter problem could be fixed by rescaling to h ∼ λ2 would fail once one
also allows the action to use explicit covariant derivative operators, e.g. in Lagrangian terms like
RD2R/M4.
All of these problems are resolved by setting M ∼ λ−l where l = 1. In particular, l = 1
is the only scaling that keeps a fixed ratio of the perturbation wavelength and the scale 1/M in
the weak limit. Setting l < 1 would result in divergences in the field equation caused by higher
derivatives. Setting l > 1 would cause all contributions from Lagrangian terms with more than
two derivatives to vanish, trivially leaving us with only the Einstein gravity contributions. For the
reasons discussed, we set l = 1, with the result that
1
Mk−2
hµν∇α1 · · · ∇αkhρσ =
weak
O(1), (3.24)
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and other non-zero orders in h vanish in the weak limit.
The field equation for f(R) gravity can be written as(
Rµν −DµDν + gµνD2
)
f ′(R)− 1
2
gµνf(R) + Λgµν = κTµν . (3.25)
All contributions to t
(0)
µν from the R3 and higher action terms vanish in the weak limit. To see this,
note that, for m ≥ 0 and n > 0,
1
M2(m+n)
hαβ∇γ∇δR(1)nR(0)m ∼ λ2m+n−1, (3.26)
thus our contributions from higher derivative terms are non-vanishing for n = 1 and m = 0.
Alternatively, note that (3.24) tells us that the only non-vanishing perturbation contributions (at
any order in derivatives) are from the quadratic order in the metric perturbation where all of the
covariant derivative operators are acting on an instance of the metric perturbation not as a total
derivative. More generally, any field equation contribution from a Lagrangian term at cubic order
or higher in the Riemann tensor vanishes in weak limit. The f(R) field equation expands up to
O(R2) as
Rµν + Λgµν − 1
2
gµν
(
R+
R2
6M2
)
+
1
3M2
(
RRµν −DµDνR+ gµνD2R
) · · · = κTµν (3.27)
Once again, upon taking a weak limit, we find that the Einstein (2-derivative) part of κt
(0)
µν is given
by (3.19). The Starobinsky (4-derivative) part of the field equation also gives a contribution to
κt
(0)
µν , which we will denote by κtSµν .
As before, the field equation in the weak limit can be written as
R(0)µν −
1
2
g(0)µνR
(0) =
weak
κTµν + κt
(0)
µν , (3.28)
where the higher-derivative contributions to G(0)µν vanish in the weak limit because of the scaling
of M with λ, i.e. the higher-derivative background terms become unimportant in the limit where
the averaging scale is very large. However, this is not true of tSµν , which does not vanish in the
weak limit. For this reason, backreaction provides a rare opportunity for these terms to have an
influence on cosmology at very large scales.
Weak limits of the individual field equation terms in (3.27) are given in Appendix A. Putting
these ingredients together, we find the contributions to the effective stress-energy tensor from the
Starobinsky parts of the field equation:
κtSµν =
weak
R(1)
3M2
(
1
2
g(0)µν∇2h−∇2hµν +
1
2
∇µ∇νh+ 1
4
g(0)µνR
(1)
)
. (3.29)
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There are two particularly useful forms of the zero tensor for this theory:
hαβR
(1)
γδ −
g
(0)
γδ
6M2
R(1)∇2hαβ − 1
3M2
(∇γ∇δhαβ)R(1) =
weak
0 (3.30)
and
hαβR
(1)
γδ −
g
(0)
γδ
6
hαβR
(1) − 1
3M2
(∇γ∇δhαβ)R(1) =
weak
0. (3.31)
These are both related via the trace over γδ:
R(1)
(
1− ∇
2
M2
)
hαβ =
weak
0. (3.32)
Equation (3.30), having only a single very generic 2-derivative term, is useful for converting 2-
derivative terms into 4-derivative terms. This is especially true when considering the trace of the
effective stress-energy tensor, t(0), where, as we will see, it is possible to rewrite every term in
4-derivative form. This is because t(0) would vanish if not for the 4-derivative extension of the
action, i.e. the Einstein gravity case has a radiation-like backreaction. Equation (3.31), conversely,
having only a single very generic 4-derivative term, is useful for converting 4-derivative terms into
2-derivative terms. In fact, (3.31) can be used to rephrase t
(0)
µν entirely in terms of 2-derivative
terms. This is because, in a pure R2 theory, t
(0)
µν vanishes completely. Thus we see that the roˆle of
the zero tensor is not as powerful as in the Einstein-gravity case, but it is still able to rewrite t
(0)
µν
into more convenient forms. The 2-derivative form of the Starobinsky part of t
(0)
µν is
κtSµν =
weak
1
2
hR(1)µν +
g
(0)
µν
4
hαβR
(1)
αβ −
1
3
hµνR
(1) − g
(0)
µν
24
hR(1). (3.33)
Putting the pieces together, the effective stress-energy tensor for this simple model in 2-derivative
form is
κt(0)µν =
weak
1
2
hαβR
(1)
µανβ −R(1)α(µh αν) +
5
12
hµνR
(1) +
1
2
hR(1)µν −
1
6
g(0)µν hR
(1), (3.34)
for which the trace is
κt(0) =
weak
1
4
hR(1) − 1
2
hαβR
(1)
αβ . (3.35)
The 4-derivative form of the trace is
κt(0) =
weak
−R
(1)2
6M2
. (3.36)
from this, we can immediately see that the inclusion of the Starobinsky R2 term has given us a
form for t
(0)
µν that is not purely radiation-like. Splitting the stress-energy tensor into its traceless
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and pure trace components, i.e.
t(0)µν = t
(0)
µν −
1
4
g(0)µν t
(0)︸ ︷︷ ︸
traceless
+
1
4
g(0)µν t
(0)︸ ︷︷ ︸
pure trace
, (3.37)
we see that the pure trace component of t
(0)
µν has the correct sign and order in λ to mimic a positive
cosmological constant, given an appropriate cosmological context. The diffeomorphism invariance
of this construction was demonstrated in [50], but we will postpone the derivation here until Section
4.5, where we demonstrate diffeomorphism invariance for the fully generalized case. Also discussed
in [50] was the equivalent scalar-tensor construction, which is formed via a Legendre transform,
f(R) = φR−V (φ), where we would require that V (φ) is Taylor-expandable in φ so that it converges
in the weak limit. Perturbations in φ would only contribute to t
(0)
µν up to their quadratic order,
beyond which they would be suppressed by λ.
Na¨ıvely, one might also think to scale the cosmological constant dimensionally, i.e. Λ ∼ λ−2.
Na¨ıvely again, one might think that the cosmological constant would then give an O(1) contribution
to the zero tensor of the form hρσhµνΛ. However, this would give us a λ
−2 divergence in the field
equation. For the sake of the convergence of the weak-limit and the overall consistency of the
formalism, we must leave Λ constant. This does not introduce the pathology of changing the ratio
of physical scales in the weak limit because the cosmological constant does not mix with other scales
in the field equation. To see this, note that (3.18) does not have any implications for the relative
sizes of Λ−1/2, the perturbation wavelength and 1/M . This is unlike the higher-derivative terms,
which effectively take a ratio of 1/M to the perturbation wavelength via the M -suppressed higher
derivative operators. A cosmological constant term that converges in the weak limit, as given in
(3.18), does not contribute to the zero tensor. To see this, note that a positive cosmological constant
term satisfies the weak energy condition and therefore (3.13) applies here:
hρσgµνΛ =
weak
0. (3.38)
This result is also true for a negative cosmological constant. Thus the cosmological constant does
not have any influence on the backreaction.
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4 Generalized backreaction in higher-derivative gravity
4.1 Contributing action terms
As discussed in Section 3.3, especially via equations (3.24) and (3.26), the only local action terms
that give non-vanishing contributions to t
(0)
µν are those that are linear or quadratic in the Riemann
tensor. Since the Gauss-Bonnet term is a topological invariant in four dimensions,
δ
δgµν
∫
d4x
√−g
(
RαβγδR
αβγδ − 4RαβRαβ +R2
)
= 0, (4.1)
we can write a local expansion in the Riemann tensor up to the quadratic order as
S =
∫
d4x
√−g 1
2κ
(
−2Λ +R+ a
M2
RµνR
µν +
b
M2
R2 + · · ·
)
+ Smatter. (4.2)
We can further generalize this action while maintaining diffeomorphism invariance and a suitable
notion of locality by also introducing explicit covariant derivative operators in the action, again
in a Taylor-expandable structure. The first instance in the action where we can introduce these
covariant derivative operators in a non-trivial way is at the quadratic order in the Riemman tensor
e.g. in a Lagrangian term like Rµνa
(
D2
M2
)
Rµν . Since, as already discussed, our expression for t
(0)
µν
is unaffected by cubic and higher terms in the Riemann tensor, we only need to consider explicit
covariant derivatives in terms at quadratic order in the Riemann tensor. We are free to rearrange
the order of these covariant derivatives, since the commutators only introduce corrections at higher
order in the Riemann tensor, e.g. :
[Dµ, Dν ] vα = R
λ
ανµvλ. (4.3)
Na¨ıvely, one would expect that there would exist a large number of independent index structures
at quadratic order in the Riemann tensor. However, using the (anti-)symmetry properties of the
Riemann tensor and the (second) Bianchi identity:
DλRαβγδ +DγRαβδλ +DδRαβλγ = 0, (4.4)
a particularly useful specialization of which is
gαβDαRβγ =
1
2
DγR, (4.5)
we are able to rearrange all possible index structures, up to the quadratic order in the Riemann
tensor, to
S =
∫
d4x
√−g 1
2κ
(
R− 2Λ + 1
M2
Rαβa
(
D2
M2
)
Rαβ +
1
M2
Rb
(
D2
M2
)
R
+
1
M2
Rαβγδc
(
D2
M2
)
Rαβγδ + · · ·
)
+ Smatter. (4.6)
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However, not all of these terms give independent contributions to t
(0)
µν . As already discussed,
the three quadratic terms without extra covariant derivative operators are related via the Gauss-
Bonnet topological invariant (4.1). Although the introduction of the covariant derivatives breaks
the topological invariance, the effect of this is not apparent in the weak limit, i.e. there are no new
corrections of the form (3.24). To see this, one can consult equations (4.10) and (4.11), noting that
all the terms that contribute in the weak limit are of the same structure as in the case of keeping a
and b as constant numbers, except for the final terms with a′ and b′. Even these extra terms cancel
if we choose the Gauss-Bonnet structure because
1
M4
(
R
(1)
αβγδa
′∇µ∇νRαβγδ(1) − 4R(1)αβa′∇µ∇νRαβ(1) +R(1)a′∇µ∇νR(1)
)
=
weak
0. (4.7)
Thus the topological invariance of the Gauss-Bonnet term given in (4.1) is effectively inherited by
its higher-derivative generalization in the weak limit. More precisely, we mean that
δ
δgµν
∫
d4x
√−g 1
M2
(
Rαβγδa
(
D2
M2
)
Rαβγδ − 4Rαβa
(
D2
M2
)
Rαβ +Ra
(
D2
M2
)
R
)
=
weak
0. (4.8)
For this reason, when calculating t
(0)
µν , we lose nothing by rearranging the three quadratic terms
in the action to a basis of just two of them. Finally, we are left with a concise, closed form for the
contributing terms in the effective action that still gives us a completely general result for the form
of t
(0)
µν :
S =
∫
d4x
√−g 1
2κ
(
R− 2Λ + 1
M2
Rαβa
(
D2
M2
)
Rαβ +
1
M2
Rb
(
D2
M2
)
R+ · · ·
)
+ Smatter. (4.9)
4.2 Calculation of the effective stress-energy tensor
Let us consider the action given in (4.9). To obtain the field equation, the ingredients we need are
δ
δgµν
∫
d4x
√−gRαβaRαβ =
√−g
(
−1
2
gµνRαβaR
αβ + 2RµαaR
α
ν
+D2aRµν +
1
2
gµνD
2aR− 2DαD(µaR αν)
+
1
M2
RαβDµDνa
′Rαβ + · · ·
)
, (4.10)
δ
δgµν
∫
d4x
√−gRbR = √−g
(
−1
2
gµνRbR+ 2RbRµν − 2DµDνbR+ 2gµνD2bR
+
1
M2
RDµDνb
′R+ · · ·
)
, (4.11)
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where a′ and b′ are the derivatives of a and b with respect to their arguments, and we have neglected
terms that vanish entirely in the weak limit. The vanishing terms come from varying with respect
to the inverse metric the connections from applying the explicit covariant derivative operators that
appear in a and b. As before, we can take the weak limit to find the effective stress-energy tensor
from metric perturbations. In all of the terms above, the functions a
(
D2
M2
)
and b
(
D2
M2
)
converge
simply in the weak limit to a
(
∇2
M2
)
and b
(
∇2
M2
)
, respectively. This is because they do not appear
as total derivatives in any of the field equation terms. By this, we mean, for example,
1
M2
Rb
(
D2
M2
)
Rµν =
weak
1
M2
R(1)b
(∇2
M2
)
R(1)µν . (4.12)
We have already calculated the weak limits of the field equation terms that are also found in
R +R2/6M2 gravity. The generalized action now gives us new terms whose forms did not appear
in that model, these are also given in Appendix A. Putting together all the pieces, the effective
stress-energy tensor in the weak limit is
κt(0)µν =
1
2
hαβR
(1)
µανβ +
3
4
hµνR
(1) −R(1)α(µh αν) −
1
8
g(0)µν
(
hR(1) + 2hαβR
(1)
αβ
)
+
1
M2
(
1
2
g(0)µνR
(1)bR(1) + h∇µ∇νbR(1) − 2hµν∇2bR(1) + g(0)µν h∇2bR(1)
+
1
2
g(0)µνR
(1)
αβaR
(1)αβ − 2R(1)µαaR(0)αν +
1
2
h∇2aR(1)µν − 2hα(µ∇2aR(1)ν)α + hαβ∇µ∇νaR
(1)
αβ
+hα(µ∇ν)∇αaR(1) +
1
4
g(0)µν h∇2aR(1) −
1
2
h∇µ∇νaR(1) − 1
2
hµν∇2aR(1)
−R(1)∇µ∇ν
M2
b′R(1) −R(1)αβ
∇µ∇ν
M2
a′R(1)αβ
)
. (4.13)
To gain more insight into this stress-energy tensor, we derive the corresponding zero tensor in the
next section.
4.3 The zero tensor
As before, we derive the zero tensor by multiplying the field equation by hρσ and taking a weak
limit. We get
0 =
weak
hρσR
(1)
µν −
1
2
g(0)µν hρσR
(1) +
1
M2
(
−2hρσ∇µ∇νbR(1) + 2g(0)µν hρσ∇2bR(1)
hρσ∇2aR(1)µν +
1
2
g(0)µν hρσ∇2aR(1) − hρσ∇µ∇νaR(1)
)
. (4.14)
Taking the trace over µ and ν, we get
hρσR
(1) =
weak
2
M2
hρσ(a+ 3b)∇2R(1). (4.15)
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Substituting this back into (4.14) allows us to write the zero tensor in other forms, the most useful
of which is
hρσR
(1)
µν =
weak
1
M2
(
hρσ∇µ∇ν(a+ 2b)R(1) + 1
2
g(0)µν hρσ∇2(a+ 2b)R(1) − hρσ∇2aR(1)µν
)
. (4.16)
A useful contraction of this form is
hαβR
(1)αβ =
weak
1
M2
(
hαβ∇α∇β(a+ 2b)R(1) + 1
2
h∇2(a+ 2b)R(1) − hαβ∇2aR(1)αβ
)
. (4.17)
4.4 Trace of the effective stress-energy tensor
In this section, we will take the trace of the field equation and perform the weak limit to find
the trace of the effective stress-energy tensor. This is equivalent to taking the trace of (4.13), as
demonstrated in Appendix B. Taking the trace of the field equation, we get
−R+ 2
M2
D2(a+ 3b)R+
1
M4
(
RαβD
2a′Rαβ +RD2b′R
)
+ · · · = κT. (4.18)
Noting that
−R(2) =
weak
1
4
hR(1) +
1
2
hαβR
(1)
αβ
=
weak
1
2M2
(
hαβ∇α∇β(a+ 2b)R(1) + 1
2
h∇2(3a+ 8b)R(1) − hαβ∇2aR(1)αβ
)
, (4.19)
and
1
M2
δ
[
D2(a+ 3b)R
]
=
weak
− 1
2M2
h∇2(a+ 3b)R(1), (4.20)
we can derive the form of κt(0) in the weak limit to be
κt(0) =
weak
− 1
2M2
(
hαβ∇α∇β(a+ 2b)R(1) − h∇2(a
2
+ 2b)R(1) − hαβ∇2aR(1)αβ
+2R
(1)
αβa
′ ∇2
M2
R(1)αβ + 2R(1)b′
∇2
M2
R(1)
)
. (4.21)
A more elegant way of writing this can be found by separating the first three terms into two
expressions. Firstly,
1
M2
(
hαβ∇α∇β(a+ 2b)R(1) − h∇2(a+ 2b)R(1)
)
=
weak
1
M2
R(1)(a+ 2b)R(1), (4.22)
but also, less obviously,
1
M2
(
1
2
h∇2aR(1) − hαβ∇2aR(1)αβ
)
=
weak
1
M2
(
2R
(1)
αβaR
(1)αβ −R(1)aR(1)
)
. (4.23)
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Now we can simplify (4.21) to a more elegant, more clearly diffeomorphism-invariant form:
κt(0) =
weak
− 1
M2
(
R
(1)
αβ
(
a+ a′
∇2
M2
)
R(1)αβ +R(1)
(
b+ b′
∇2
M2
)
R(1)
)
. (4.24)
We can extract from this the previous result for R +R2/6M2 gravity by inserting a = 0, b = 1/6.
As before, we see a non-zero trace for a gravity theory with higher-order derivatives.
4.5 Diffeomorphism invariance
Demonstrating diffeomorphism invariance is useful both as a consistency check of our derivation
and to show that these results do not depend on any choice of coordinates. Let us apply the
diffeomorphism transformation to the effective stress-energy tensor in (4.13). The diffeomorphism
transformation of a metric perturbation is given via the Lie derivative of the metric:
δhαβ = £ξgαβ = 2gλ(α∇β)ξλ + gγδξγ∇δhαβ, (4.25)
where we have chosen to use the covariant derivative associated with the background metric ∇µ,
but we could have chosen to use a different covariant derivative. Knowing that hαβ(λ) ∼ λ, we
require that ξα(λ) ∼ λ2 such that ∇αξβ(λ) ∼ λ. Thus, in the weak limit, only the linearized
diffeomorphisms are non-vanishing here. Before making use of the zero tensor, the result of varying
(4.13) under diffeomorphisms is
κδt(0)µν =
weak
−ξ(µ∇ν)R(1) − ξ · ∇R(1)µν + 2ξα∇(µR(1)αν) +
1
2
g(0)µν ξ · ∇R(1)
+
2
M2
(
−ξ · ∇∇µ∇νbR(1) + 2ξ(µ∇ν)∇2bR(1) − g(0)µν ξ · ∇∇2bR(1)
)
+
1
M2
(
−ξ · ∇∇2aR(1)µν + 2ξα∇(µ∇2aR(1)ν)α −
1
2
g(0)µν ξ · ∇∇2aR(1)
−ξ · ∇∇µ∇νaR(1) + ξ(µ∇ν)∇2aR(1)
)
. (4.26)
We take the form of the zero tensor given in (4.16) and perform a diffeomorphism transformation
to get
ξ(ρ∇σ)R(1)µν =
weak
1
M2
(
ξ(ρ∇σ)∇µ∇ν(a+ 2b)R(1) +
1
2
g(0)µν ξ(ρ∇σ)∇2(a+ 2b)R(1)
−ξ(ρ∇σ)∇2aR(1)µν
)
. (4.27)
The top line of (4.26) has four terms at the third order in derivatives that we want to convert into
higher-derivative expressions using the zero tensor. The contracted forms of the zero tensor that
we need are
ξ(µ∇ν)R(1) =
weak
1
M2
ξ(µ∇ν)∇2(2a+ 6b)R(1), (4.28)
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ξ · ∇R(1)µν =
weak
1
M2
(
ξ · ∇∇µ∇ν(a+ 2b)R(1) + 1
2
g(0)µν ξ · ∇∇2(a+ 2b)R(1) − ξ · ∇∇2aR(1)µν
)
, (4.29)
− 2ξα∇(µR(1)αν) =weak
1
M2
(
−2ξ · ∇∇µ∇ν(a+ 2b)R(1) − ξ(µ∇ν)∇2(a+ 2b)R(1)
+2ξα∇(µ∇2aR αν)
)
, (4.30)
− 1
2
g(0)µν ξ · ∇R(1) = −
1
M2
g(0)µν ξ · ∇∇2(a+ 3b)R(1). (4.31)
Putting these terms together, we can see that, with the help of these zero tensor relations, the top
line of (4.26) cancels the rest of the terms exactly. Thus the effective stress-energy tensor given
in (4.13) is diffeomorphism-invariant. This is an important check that gives us confidence in that
result.
5 Discussion and conclusion
As reviewed in Section 3.3, adding a Starobinsky R2 term changes the result of the weak-limit
calculation of the effective stress-energy tensor for backreaction such that the trace no longer
vanishes in the weak limit. This is true even though the background contribution of the R2 term to
the field equation vanishes in the weak limit. This tells us the R2 term can still give a cosmologically
important contribution to the backreaction after the universe has grown to a sufficient size that
the R2 term is no longer important in the pure background case. If the R2 term has a positive
coefficient, κt(0) converges to a negative value, as required for a candidate to mimic a positive
cosmological constant. Intutitively, this pure trace component can be attributed to there existing
a “scalaron” mode in the f(R) model that is most clearly apparent after performing a Legendre
transformation into the equivalent scalar-tensor description. This was the conclusion found in [50]
for R + R2/6M2 gravity. This offered a motivation for alternative cosmological models that use
exotic sources of inhomogeneity, such as the one discussed in [58].
In this paper we have noted that this result is general for an f(R) expansion that begins with
R+R2/6M2. We then further generalized the procedure to find a general form for κt
(0)
µν in effective
theories of gravity whose actions are expressible as a Taylor expansion in the Riemann tensor and
covariant derivatives of the Riemann tensor, i.e. local, manifestly diffeomorphism-invariant gravity
theories. The higher derivatives are balanced by powers of a mass scale for the effective theory, M .
We have argued that the physical consistency of the formalism requires us to scale this mass as
M ∼ λ−1, as was also performed in [50]. This is because the weak limit formalism describes the
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limit of a large averaging scale via λ→ 0, where λ can be interpreted as a parameter proportional
to the length scale for perturbations via (3.4). Thus the derivative operator ∇µ/M effectively reads
the ratio of the length scale of the theory to the perturbation length scale, which, being physical,
should remain fixed as we tend the averaging scale to be large. If we left M as a constant in λ, not
only would the ratio change, but the length scale of the perturbation would be driven below the
cutoff scale of the effective field theory, which would be extremely pathological. This scaling also
ensures that we are comparing perturbation terms of the same order in h, such that t
(0)
µν is written
purely at O(h2). By this method, we wrote the complete set of action terms that contribute to
t
(0)
µν in closed form in (4.9). We derived the general form of t
(0)
µν in closed form, as given in (4.13).
Unlike in (3.36), the new result in (4.24) contains two independent structures whose coefficients
have been left arbitrary in the general case. Relating this to a specific example, we can look to the
manifestly diffeomorphism-invariant classical Exact RG [43], where we can specialize (4.13) to the
effective action derived in the “Einstein scheme” simply by setting a = −2b.
For the choice of inhomogeneity model discussed in [58], the effective vacuum energy from
backreaction was estimated to be of the form given in (1.2) in R + R2/6M2 gravity. The new
result in (4.24) has two new features. Firstly, it now has a potentially infinite expansion in higher-
derivative operators, since a and b are both functions of ∇2/M2. For each additional ∇2/M2
operator found in a term, its additive contribution to E4vac would be suppressed by an extra factor
of (Λstripe/M)
2. Secondly, the trace now has two independent structures at each order in M , which
have independent coefficients with unspecified signs. However, (1.2) would still be expected to be
a sensible estimate for the magnitude of the backreaction in a generic case.
Although our effective stress-energy tensor has been derived with cosmological backreaction in
mind, the method uses formalism that was originally constructed to describe gravitational waves
from distant sources in [32–34]. This effective stress-energy tensor equally well applies to high-
frequency gravitational waves. Although it is necessary to introduce a background metric, we have
not required any specific choice of background. The only requirement imposed by the formalism for
the matter content in the physical stress-energy tensor is that it satisfies the weak energy condition,
as discussed in [30]. As demonstrated in Section 4.5, the effective stress-energy tensor in (4.13) is
diffeomorphism-invariant. Our new result includes the previous result as a special case where only
the R+R2/6M2 part is significant. The non-zero trace found in (4.24) motivates further research
into the possible cosmological significance of backreaction in higher-derivative gravity models. It
also raises the possibility of using backreaction as a window on exotic ultraviolet physics that might
otherwise be inaccessible.
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A Weak limits of individual field equation terms
The weak limits of the individual field equation perturbations in Einstein gravity are
δ [Rµν ] =
weak
−1
2
hαβR
(1)
µανβ −
1
4
hµνR
(1) +R
(1)
α(µh
α
ν) , (A.1)
δ [gµνR] =
weak
hµνR
(1) − 1
4
g(0)µν
(
hR(1) + 2hαβR
(1)
αβ
)
. (A.2)
For local f(R) gravity, we must consider some additional field equation contributions:
δ [RµνR] /M
2 =
weak
R(1)µνR
(1)/M2, (A.3)
δ
[
gµνR
2
]
/M2 =
weak
g(0)µνR
(1)2/M2, (A.4)
δ [DµDνR] /M
2 =
weak
1
2
(
2R(1)µν +∇µ∇νh
)
R(1)/M2, (A.5)
δ
[
gµνD
2R
]
/M2 =
weak
(
∇2hµν − 1
2
g(0)µν∇2h
)
R(1)/M2. (A.6)
The fully generalized gravity theory introduces new contributions again:
1
M4
δ
[
RαβDµDνa
′
(
D2
M2
)
Rαβ
]
=
weak
1
M4
R
(1)
αβ∇µ∇νa′
(∇2
M2
)
R(1)αβ, (A.7)
1
M4
δ
[
RDµDνb
′
(
D2
M2
)
R
]
=
weak
1
M4
R(1)∇µ∇νb′
(∇2
M2
)
R(1), (A.8)
1
M2
δ
[
gµνRαβa
(
D2
M2
)
Rαβ
]
=
weak
g
(0)
µν
M2
R
(1)
αβa
(∇2
M2
)
R(1)αβ, (A.9)
1
M2
δ
[
Rµαa
(
D2
M2
)
R αν
]
=
weak
1
M2
R(1)µαa
(∇2
M2
)
R(1)αν , (A.10)
1
M2
δ
[
D2a
(
D2
M2
)
Rµν
]
=
weak
1
M2
(
−1
2
ha
(∇2
M2
)
∇2R(1)µν + hα(µa
(∇2
M2
)
∇2R(1)αν)
+hαβa
(∇2
M2
)
∇α∇(µR(1)ν)β
−1
2
hα(µ∇ν)∇αa
(∇2
M2
)
R(1)
)
, (A.11)
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1M2
δ
[
DαD(µa
(
D2
M2
)
R αν)
]
=
weak
1
M2
(
1
4
hα(µ∇ν)∇αa
(∇2
M2
)
R(1) +
1
2
hαβa
(∇2
M2
)
∇α∇(µR(1)ν)β
−1
2
hα(µ|a
(∇2
M2
)
∇2R(1)|ν)α +
1
2
hαβa
(∇2
M2
)
∇µ∇νR(1)αβ
−1
4
ha
(∇2
M2
)
∇µ∇νR(1)
)
. (A.12)
B Consistency of the trace of the effective stress-energy tensor
There are two ways to evaluate the trace of the effective stress-energy tensor in weak limit, t(0).
Firstly, we can begin with the complete expression for κt
(0)
µν , given in (4.13), and take the trace
using the background metric. Alternatively, we can take the trace of the field equation using the
full metric first and then perform the weak limit to extract t(0). To demonstrate that these two
approaches give the same answer, consider the weak limit of the field equation perturbation:
κt(0)µν =
weak
−δ
[
2κ√
g
δSgrav
δgµν
]
. (B.1)
The zero tensor takes the form
0 =
weak
hρσδ
[
2κ√
g
δSgrav
δgµν
]
. (B.2)
Pursuing the first approach, we can take the trace of (B.1) using the background metric to get
κt(0) =
weak
−g(0)µνδ
[
2κ√
g
δSgrav
δgµν
]
=
weak
−δ
[
gµν
2κ√
g
δSgrav
δgµν
]
− hµνδ
[
2κ√
g
δSgrav
δgµν
]
︸ ︷︷ ︸
zero, via the zero tensor
. (B.3)
The right-hand side is the form for κt(0) expected from the alternative approach of taking the
trace of the field equation first and the weak limit second. Thus both methods must give the same
answer.
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